As the main results of this paper we prove that for every polyhedron P with abelian or torsion-free nilpotent fundamental group there are only finitely many different homotopy types of X i such that X i × S 1 P . The same holds for any finite K (G, 1) with nilpotent fundamental group in place of S 1 . The problem, if there exists a polyhedron with infinitely many direct factors of different homotopy types (K. Borsuk, 1970) [2] is still unsolved, even if we assume the second factor to be S 1 .
It should be noted that, in both pointed and unpointed cases the solution to the problem is the same (see [13] , [11, Theorem 5.1] ). In this paper we will concentrate on the pointed case.
The question in consideration is also equivalent to another Borsuk [24] ). The answer to the following question is also unknown (cf. [6, p. 184 
]):
Problem. Does there exist a polyhedron P such that X i × S 1 P , for infinitely many different homotopy types of X i ?
In this paper we will prove that, for each polyhedron P with nilpotent torsion-free fundamental group, there are only finitely many different homotopy types of X i such that X i × S 1 P (Theorem 3). The same we will obtain for polyhedra with abelian fundamental groups (Theorem 2).
Let us note that the case of all the homotopy dominations of P is different. In some previous paper [20] , in connection with another question of K. Borsuk, we showed that there exist polyhedra with nilpotent torsion-free fundamental groups dominating infinitely many different homotopy types (equivalently, shapes).
The main proofs of this paper will be based on the corollaries to the Hilbert Basis Theorem that we used earlier in the case of all the homotopy dominations of polyhedra with finite fundamental groups. Precisely, we proved in [22] that a polyhedron with finite fundamental group dominates only finitely many different homotopy types (by the same proof, each polyhedron dominates only finitely many different homotopy types of spaces with finite fundamental group). Here we will observe that for X and Y with finite fundamental groups,
Recall that, given a polyhedron P , there are only countable many different homotopy types of X such that X × S 1 P . This is a consequence of the results of M. Mather [24] , W. Holsztynski [18] , M.A. Moron and F.R. Ruiz del Portal [25] that each polyhedron dominates only a countable number of different homotopy types (or shapes).
Algebraic preliminaries Definition 1. Recall that a group G is nilpotent, if in the series
is the commutator subgroup of G and H ).
Definition 2.
A group G is said to be polycyclic if it has a finite series Recall that every finitely generated nilpotent group is polycyclic and every torsion-free nilpotent group is a poly-Z -group (see [26, Theorem 5.2.20] ).
Definition 4.
A group G is polycyclic-by-finite if G is an extension of a polycyclic group by a finite group i.e., there is a polycyclic group H G such that G/H is finite.
Definition 5. The number h(G) of infinite cyclic factors in a series
is an invariant of a polycyclic-by-finite group G (independent of the series) known as the Hirsch number of G (see [27, p. 16] ).
1. Homotopy decompositions of polyhedra into two factors, where the first one has finite fundamental group and the second one is S
1
In some previous paper we showed that every polyhedron with finite fundamental group dominates only finitely many different homotopy types [22, Theorem 2] . The same proof gives that every polyhedron dominates only finitely many different homotopy types of spaces with finite fundamental groups. However, concerning homotopy decompositions of polyhedra into cartesian products with the second factor S 1 , we can easily state that: 
Proof. By the results of [30] , both X 1 and X 2 may be assumed to be CW-complexes. For i = 1, 2, let d i : P → X i be a fixed domination of P over X i , and let u i : X i → P be a fixed right inverse map (i.e. d i u i id X i ).
is a subgroup of π 1 (P ) isomorphic to both π 1 (X 1 ) and π 1 (X 2 ), so these two groups must be isomorphic.
We claim that then f 1,2 induces an isomorphism
Obviously, every group homomorphism sends each element of finite order into an element of finite order. Thus both monomorphisms π 1 
All the homotopy groups π r (X i ), for r 2 and i = 1, 2, are finitely generated abelian. Indeed, by the result of Wall [30, the proof of Theorem A, implication (ii) ⇒ (i), p. 60], if X is dominated by some polyhedron P , then X is also dominated by some polyhedron P such that π 1 (X) ∼ = π 1 (P ). Since π 1 (P ) is finite, a polyhedron P has finitely generated higher homotopy groups, so the same is true for X .
for example, [3, Chapter II, Theorem 1.6] stating that every r-homomorphism between two isomorphic finitely generated abelian groups is an isomorphism).
Therefore, by the Whitehead Theorem, f 1,2 = d 2 u 1 : X 1 → X 2 is a homotopy equivalence, which is the desired conclusion. 2 Remark 1. G. Hollingsworth and R.B. Sher proved that if X 1 and X 2 are approximatively 1-connected compacta and both,
have the shape of a given polyhedron P , then the shapes of X 1 and X 2 are equal [17] .
Homotopy decompositions of polyhedra with abelian fundamental groups into two factors where the second factor is S

1
We will show the following theorem:
Theorem 2. For a polyhedron P with abelian fundamental group, there are only finitely many different homotopy types of X i such that
Our method will be based on some corollaries to the Hilbert Basis Theorem and was earlier applied for proving that every polyhedron with finite fundamental group dominates only finitely many different homotopy types (see [22] , cf. also [21] ). Let us recall the following: In the sequel we will apply the lemma below (Lemma 2) that was proven in [22] , [22, Lemma 4, p. 6] . We will use the following notations:
Given a polyhedron K and a CW-complex X i homotopy dominated by K , let d i : K → X i be a fixed domination of K over X i with a right inverse map u i : , where , where
Proof. By Lemma 2, the class W of all the CW-complexes X i satisfying X i × S 1 P can be partitioned into finitely many classes such that if Z and Y belong to the same one, then there exists a finite sequence {X j } m j=0 , where , where
Clearly, all the v i :
(respectively), for all r 2 (compare Remark 2).
Hence, we obtain that
for all r 1.
By the Whitehead Theorem, all the X i in the same class are homotopy equivalent, and the proof is finished. 2
Homotopy decompositions of polyhedra with nilpotent torsion-free fundamental groups into two factors where the second factor is S
1
In this section we will prove the following: The definition below will be used in the proof of the next lemma (Lemma 4).
Definition 8.
A CW-complex X is said to be nilpotent if X is connected, π 1 (X) is nilpotent and, for every r > 1, π 1 (X) acts nilpotently on π r (X). An action of a group G on an abelian group A is nilpotent if there is a finite series Applying Lemma 2 to K = K (G, 1) , where G is a finitely generated, nilpotent torsion-free group, we will prove the following Lemma 4 that will be most important part of the proof of Theorem 3 (the notations are the same as in Remark 2): , where We will apply Lemma 2 to K = K (G, 1) , where 1) denote the map of Eilenberg-MacLane complexes which corresponds (as above) to the group homomorphism π 1 ( f ) : π 1 (X k ) → π 1 (X j ) induced on the fundamental groups by a given map f : X k → X j .
By Lemma 2 applied to K = K (G, 1) , we obtain that the class Z of all the K i can be partitioned into finitely many classes, such that if two complexes Q , L ∈ Z belong to the same class, then there exists a finite sequence {K j } m j=0
, where This ends the proof. 2
